We calculate the hyperfine structure constant for the Eu isotopes with shell model wave functions. The calculated results are compared with those predicted by the Moskowitz-Lombardi (M-L) empirical formula. It turns out that the two approaches give the very different behaviors of the hfs constants in the isotope dependence. This should be easily measured by experiment, which may lead to the universality check of the M-L formula.
Introduction
The magnetic hyperfine structure constant (hfs) has been extensively studied for various nuclei since it can present some interesting information on the magnetization distribution in nucleus [1] [2] [3] [4] [5] . The main difference between the magnetic moment operator and the magnetic hfs constant lies in the appearance of the new type of operator Σ
(1) i as defined by
i .
(1.1)
This operator Σ
(1) i looks similar to the magnetic moment operator. However, it presents often quite different behaviors from the magnetic moment.
In particular, this shows up in the isotope shifts of the hfs constant. For example, the isotope shifts of the hfs constant for the Mercury nuclei indicate that the expectation value of the Σ Due to this fact, there is a remarkably good empirical formula which is proposed by Moskowitz and Lombardi (M-L formula) [5] . This M-L rule simply states that the isotope shifts of the hfs constant for the Hg nuclei can be well described if we write the hfs anomaly ǫ as
where α = ±0.01 n.m. for the valence neutrons with the spin of I = ℓ ± 1 2 , and µ denotes the magnetic moment. The M-L formula can describe the isotope shifts ∆ 12 of the hfs constant for the Hg nuclei surprisingly well. Now, a question arises. Can the M-L formula work equally well for other nuclear isotopes as well ? This is the main question we want to address in this paper.
Recently, Werth et al. [6] proposed to measure the isotope shifts ∆ 12 of the hfs constant for the Eu nuclei. This is a very interesting isotope from the point of view of the empirical formula. The measured magnetic moment of the Eu nuclei shows a drastic change at the mass number A = 153. For the isotopes of the Eu from A = 145 to 151, the magnetic moment may well be described by the core polarization effects. However, the magnetic moments From the experimental side, there is an important progress to measure the isotope shifts of the magnetic hfs constant [6, 7] . This becomes possible due to the ion trap method which can isolate the atoms. This ion trap method can measure hfs separations with an accuracy of 10 −8 or even lower, which is by far better than the accuracy any theoretical models can predict. Also, the feasibility to measure directly nuclear magnetic moments by the ion trapping technique has been demonstrated successfully [8] . With this high accuracy of the ion trap method, there is some possibility to check the time reversal invariance in the atomic processes once nuclear ambiguities are removed. This is also one of our purpose to study the magnetic hfs constant, though we still do not have any good physical quantities at hand to study the time reversal invariance.
The paper is organized as follows. In the next section, we briefly explain the theory of the magnetic hyperfine structure in electronic atoms. Then, section 3 treats the calculation of the nuclear part of the hfs constant by using shell model wave functions. Also, we explain a special state which has a vanishing magnetic moment. In section 4, numerical results of the isotope shifts of the hfs constant for the Eu nuclei are presented. Also, the empirical formula of Moskowitz and Lombardi is compared to the present calculation. In section 5, we summarize what we have understood from this work.
Magnetic Hyperfine Structure Constant
The atomic electron which is bound by the nucleus feels the magnetic interaction in addition to the static Coulomb force. The magnetic interaction between the electron and the nucleus can be described as
where the nuclear current j N (r) can be written as
A(r) denotes the vector potential which is created by the atomic electron, and it can be written as
where j L (r) denotes the current density of the electron and is written as
In this case, the magnetic hyperfine splitting energy W can be written as
where I,J and F denote the spin of the nucleus, the spin of the atomic electron and the total spin of the atomic system, respectively. a I is called the magnetic hyperfine structure (hfs) constant. Following ref. [3] , we can write the expression for the a I as
where a
I is the hfs constant for the point charge, and can be written as
where F (kJ) and G (kJ) are the large and small components of the relativistic electron wave function for the kJ state. µ N is the nuclear magneton.
ǫ is called the hfs anomaly and can be written as
where Σ (1) i is defined in eq.(1.1). N(R) and K(R) are written for the atomic electron as,
where R 0 is a nuclear radius and can be given as R 0 = r 0 A 1 3 with r 0 = 1.2 fm. On the other hand, b (kJ) is a constant which can be calculated in terms of relativistic electron wave functions and can be written as [3] .
m e denotes the electron mass, k 2 0 is a normalization constant and the factor in the square bracket is to be included for p 1 2 only, and γ = Ze 2 /hc.
The isotope shift of the hfs anomalies of the two isotopes ∆ 12 is defined as
Since the hfs anomaly ǫ is quite small, ∆ 12 becomes
The hfs anomaly
The hfs anomaly ǫ can be calculated if we know the nuclear wave function.
However, it is often difficult and complicated to determine reliable nuclear wave functions.
Here, we employ simple-minded shell model wave functions with core polarizations taken into account. We take the following two approaches. The 6 first one is to consider only the ∆ℓ = 0 core polarization for the Σ (1) i operator.
(a) ∆ℓ = 0 core polarization First, we consider the ∆ℓ = 0 core polarization for the Σ
(1) i operator [9] [10] [11] . In this case, we can express the effect of the core polarization on the Σ
(1) i operator in terms of the core polarization of the magnetic moment. This is mainly because the core polarizations of g
s s i and g
(1) i operators are related as
(1)
Therefore, we can write the expectation value of the Σ
as discussed in ref. [3] . Here, g
denotes the g-factor of the valence nucleon for the single particle state. µ sp is the single particle value of the magnetic moment operator and can be written as
are taken to be the free nucleon g−factors,
Also, δµ mes is the effective magnetic moment arising from the meson exchange current [12] and can be approximated by
In the present calculation, however, we do not take into account the exchange current effects. This is because it is not very easy to calculate the ∆ℓ = 2 core polarization effect together with the exchange current in a consistent way. In any case, the exchange current effects are not very large here.
Therefore, we do not have any free parameters in the evaluation of the expectation value of the Σ , the proton state may be described by 2d
. Also, the neutron number N = 82 is a magic shell, and therefore the Eu nucleus with the mass number A = 63 + 82 + n should have the n neutrons outside the N = 82 shell. Therefore, the wave function for the Eu nucleus with n neutrons may be constructed by the following three states
where
: II > . (3.5c) α 1 , α 2 and α 3 should be determined by the nuclear residual interaction.
Note that I is here 5 2 .
To determine the values of the α i , we employ the δ-function force for the residual interaction for simplicity [11] ,
Now, the problem is that we cannot use the perturbation theory here since the unperturbed energies of the state |1 > and the state |2 > are degenerate. Therefore, we should diagonalize the hamiltonian with the residual interaction. Denoting the unperturbed energies for the states |i > as E i , we obtain the matrix equations which determine the values of α i .
(E 1 + V 11 − E)α 1 + V 12 α 2 + V 13 α 3 = 0 (3.7a)
Here, we can take E 1 = E 2 to a good approximation. Also, we can neglect the interference term between the |2 > and |3 > states.
Before going to determine the values of the parameters V 0 and E 1 , we discuss the core polarizations which contribute to the magnetic moment. Since the N=82 is the magic shell, the neutrons of the 145 Eu nucleus are all filled. In this case, there is no contribution from the ∆ℓ = 2 core polarization. Instead, the ∆ℓ = 0 core polarization comes from the neutrons configuration mixing of
: II > state, and the proton configuration mixing of
) : II > state. We take these effects perturbatively.
For the heavier Eu isotopes, we assume that this part of the ∆ℓ = 0 core polarization behaves just in the same way as the 145 Eu nucleus.
Therefore, the nuclear state of eq. Therefore, we should consider some kind of collective state (deformed state) into the original state |Ψ 0 : n >. We call this new state |MAS > state (magnetic absorbing state) since the |MAS > state is assumed to have a vanishing magnetic moment. That is,
At the same time, we assume that the expectation value of the operator
with the MAS state vanishes,
In this case, we can construct the wave functions for the 153 Eu nuclei.
We write
Here, the value of the parameter α 4 can be determined such that the observed magnetic moment can be reproduced for the 153 Eu nuclei. Now, concerning the configurations for the A=155 and heavier nuclei, the 2f7 2 states are filled. Therefore, we take the following configuration
Here, the value of the α 3 is fixed to the one determined for A=153.
Further, the wave function is taken to be
These are the shell model wave functions which we use for our calculations. However, they are obviously too simple-minded wave functions, but we believe that we can get some idea as to what are the contributions from the ∆ℓ = 2 core polarization as well as from the sharp change of the magnetic moment to the hfs constant in the Eu isotopes.
(c) Moskowitz-Lombardi empirical formula
Moskowitz and Lombardi proposed an empirical formula in order to explain the isotope shifts of the hfs anomaly in Hg isotopes [5] . They simply take the shape of the hfs anomaly to be
where α is a constant. When they take α to be ±0.01 n.m. for j = ℓ ± 1 2 neutron orbits, they obtain a remarkably good description of the isotope shifts ∆ 12 for the Hg nuclei.
Here, we want to apply this formula to the Eu isotopes. In this case, we should make a correction due to the atomic orbit. It should reflect in the value of the α since the hfs anomaly depends on b (kJ) . Therefore, we make this atomic correction as
Therefore, we take the α to be ∓0.005 n.m. for j = ℓ± proton orbits.
Numerical Results
Once we know the values of α i in eqs.(3.5) and (3.11), then we can calculate the expectation values of the magnetic moment as well as the Σ
i operator.
Before going to the numerical calculations, we make the valence nucleon approximation to the expectation values of < (
Since the dominant contributions to the magnetic moment as well as to the Σ
(1) i operator come from the valence nucleons, it is always a good approximation to factorize the < (
i . Therefore, eq.(2.7) can be written as
where < (
is the expectation value with the valence nucleons. Now, we can calculate the hfs anomaly with the shell model wave functions.
First, we consider the ∆ℓ = 0 core polarizations. In this case, we do not have any free parameters since all the terms in eq.(3.1) are known. In Table   1 , we show our calculated results of the hfs anomaly with the ∆ℓ = 0 core polarization for the Eu nuclei. Also, the calculated results of the isotope shifts ∆ 145,A are shown.
Next, we consider the ∆ℓ = 2 core polarizations. In this case, we should first determine the values of α i . Basically we change the value of the E 3 so that we can obtain the observed magnetic moment.
In Table 2 , we show our calculated results of the hfs anomaly including the ∆ℓ = 2 core polarizations. Also, the isotope shifts of the hfs anomaly are
shown. Here, as mentioned before, we have not considered the exchange current effect on the hfs anomaly. Therefore, there is no difference in the hfs anomaly for the 145 Eu between Table 1 and Table 2 since 145 Eu does not have any effects due to the ∆ℓ = 2 core polarizations. On the other hand, the difference in the hfs anomaly between Table 1 and Table 2 for the heavier Eu isotopes is partly due to the ∆ℓ = 2 core polarization effect and partly due to the MAS state. In particular, the large difference between the two calculations for the Eu nuclei heavier than the A=153 comes from the MAS state. The ∆ℓ = 2 core polarization contribution to the hfs anomaly for the 147 Eu is about ǫ ∆ℓ=2 ≈ 0.01 %. In order to see more clearly the difference between the models, we plot in fig. 1 the isotope shifts of the hfs anomaly as the function of the nuclear mass number A.
First, we want to present the results of the Mercury isotopes so that we can obtain some idea how these models can describe the data. In fig. 1a , we
show the predictions of the ∆ 199,A for the Hg nuclei by the different models. Therefore, it should be extremely interesting to check experimentally which of the models can be reasonable. Further, it would be very interesting to understand whether there is any universality in the M-L formula.
Conclusions
We have presented the numerical calculations of the isotope shifts of the magnetic hfs anomaly for the Eu nuclei. Here, we have considered the ∆ℓ = 0 as well as the ∆ℓ = 2 core polarizations to the hfs operators.
It turns out that the calculations with both of the core polarizations do not show any sharp transition at A = 153 where the observed magnetic moment show a big change. This is because the hfs operators and the magnetic moment operators behave similarly by the core polarizations, and therefore the effects of the core polarizations cancel with each other.
On the other hand, there is a very nice empirical formula by MoskowitzLombardi, which perfectly describes the isotope shifts of the hfs anomaly in
Hg nuclei. Here, we also employ the M-L formula how it predicts the isotope shifts of the hfs anomaly in the Eu nuclei. It turns out that the M-L formula predicts a transition at A = 153 since this is essentially proportional to the inverse of the magnetic moment.
Therefore, it would be extremely nice to learn which of the pictures the nature prefers. Also, it is quite interesting to understand if there is any universality in this simple M-L rule. We plot the hfs anomaly and the isotope shifts for the Eu isotopes with the ∆ℓ = 0 core polarization. In addition, we show the magnetic moment and the electron wave function coefficient b (kJ) for 1s 1
2
. Table 2 The hfs anomaly for Eu isotopes (∆ℓ = 0) + (∆ℓ = 2) We plot the hfs anomaly and the isotope shifts for the Eu isotopes with the ∆ℓ = 0 and ∆ℓ = 2 core polarizations. Also, we show the predictions by the M-L empirical formula with the universal coupling of α = −0.005 n.m. 
